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The problem of determining the shape of the transverse section of a prismatic
bar with a prismatic longitudinal cavity (hole) of given shape, subjected to tor-
sion, from the condition that the torsional stiffness would be maximal for a gi-
ven cross-sectional area, is considered, The apparatus of complex variable func-
tion theory is used to determine the outline required. Examples of computing
the outlines of the sections for elliptical, square, and rectangular hole shapes
are presented,

The problem of determining the shape of the section of a bar of greatest torsional stiff-
ness for the given cross-sectional area was considered as an isoperimetric variational
problem about the stationary value of some functional in a domain with a moving boun-
dary [1]. Besides the usual equations for the torsion function, a side condition is obtained
as natural conditions for the stationary of the functional: the derivative of the torsion
function with respect to the normal to the outline should be constant along the outline
which is to be determined, The same side condition for the torsion function on the boun~
dary of a domain with extremal torsional stiffness has been obtained in [2]. The problem
of determining the boundary of the domain occupied by the bar cross section thereby be-
comes an inverse boundary value problem [3], in which the shape of a closed curve boun-
ding the domain is to be determined under an excess boundary condition for the boundary
value problem, The application of methods of complex variable function theory turns
out to be effective in seeking the shape of the outer contour of a bar section with a ca-
vity of given outline, or the shape of the cavity for a given outer boundary of the domain,

1, Let the section of twisted bar occupy a doubly-connected domain 2 bounded by
the contour I == L, + L,, where L, is the inner and L, the outer contour, F; and
F, are the areas enclosed by these contours so that the area of the section is F' = Fp,—
Fy

For a given section area F find the outer contour L, so that the torsional stiffness of
a bar with a cylindrical cavity of given outline L, would be maximal, The problem is
to seek the contour L, bounding the domain € where a function ¢ (z, y) is defined,
which satisfies the Poisson equation and the boundary conditions of the torsion problem

Ap +2=0, ¢=C/ onL;,, ¢ =Cy on L,

where C,’, C;' are constants, one of which can be given arbitrarily, Let us henceforth

consider ;" = 0. The Bredt condition on the circulation of the stresses has the form
d
2F, + Sd—,‘f’ds:O (L1
Ly
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Moreover, in conformity with [1], an additional differential condition, which is excess
for the ordinary torsion problem

dop/dn = Cy

should be satisfied on the required contour L,, where C,’ is a constant to be determ-
ined. Let us introduce a function f (z) which is regular in the domain Q,.(the com-
plex torsion function [4, 5]) so that

Ref (z2) = @ (z,9) + Yo (@ + V%), z=2+4y

The problem reduces to seeking the outer boundary L, of the doubly-connected do-
main Q within which a regular function f (z), unique by virtue of (1, 1), is defined
which satisfies the conditions

fy+7F@ =20, + 1, t€ (1.2
t t

f@t)y= —;-(tf + gidt—- td?) + ic;g|dt|, Imty=0, ¢, L
te te

We henceforth assume that the domain Q of the section is symmetric with respect to
the coordinate axes,

The inverse boundary value problem of determining the doubly-connected domain Q
with known inner L; and unknown outer L, contours reduces to seeking a certain map-
ping function, Let the mapping of the exteriors of the unit circles 9; and 7y, in the planes
E, ¢, respectively, onto the exterior of the contours L, and L, in the z-plane be re-
alized by means of the functions

z2=Ax (), 2z = By () (1.3)
k k .
%) = §‘§0 a:f%, % () = Cg:) bL, ap=by=1

Here A, B are real constants defining the scale; by virtue of the symmetry of Q the
coefficients a@;, b; are real, and the functions Y;, s contain odd powers of &, {.The
coefficients a; are known for a given inner contour L, ,but the function Y, is to be de-
termined, i, e, the quantities b, characterizing the outer contour L,. The relative size
of the section ¥ = A4 / B plays the part of a parameter,
Taking account of (1, 3), we obtain on L,
k
|dt] = (o0 + Yo (it 7)) de (L4)

i=1

k
1 - < i i i
5 (Fdt — 1d8) = 2= (Bio + ¥ By (v 4 7))

i=1

t7 = B? (B20 + i By (v? 4+ 1‘25))
=1
k—m k—m

Blm = 2 (1. _ 2] - m) bjbm+j, B2m = 2 bjbj'+mv m =0, 1, v .,k

=0 =0
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where the real coefficients g, are determined from the system

K k—rv
) 2, . O3 Ofm—if — 2 ('1 - 2l) (1 —2m — 2L) bibm+i = O,
T=mM— 1=0

m=014,...,k
Taking account of (1, 2), the boundary condition for the function f (¢) on the original
of Ls,the unit circle Y2 and the { ~plane, has the form

f(t(t))=32(kolnt+g<%->>, g<—;§->= i mi, ltl=1 (L9
=k

ko= 0¢Cy + By, Co = Cy'/ B, my = 1y Bagymy = Y, (Baiy +
(Cyoipy +Byn)/ 1y §=:£1, %2, ...k

We obtain Cy = —B;,/ 0, from the requirement of uniqueness of the function f(z)
2, Let us introduce the Cauchy type integral

1 g£()
F(Z) :ET—‘?lgt———_z dt (2' 1)

Here and henceforth, z, ! denote the dimensionless complex coordinates z / B, t/
B. Limit values of the integral (3, 1) are related by the Sokhotskii-Plemelj formulas[4]

- bt
F*(ty) — F (o) =g (to), F*(t)+ F (to) =7 &fg‘_‘(f—:;)dt (2.2)

t, o &= Ly
hence, by following [6] and taking account of the first of the formulas (2, 2), a function
fo (z) analytically continuable through L, can be introduced
By (2) = { f(Bz)— B*F"(z) for ze=Q |
— BF~ (z) for z outside of Lg

The function f, (z) is analytic outside L, and vanishes at infinity.
Let the invesion of the function )X, ({) have the form

o . min (k, 1) .
(=12 Z Biz ¥, Bi= Z (1=2j) bi"b; (2.3
i=0 j=max(0, i+2k(1-1))

Bo=1, 7=1,2,...

where quantities of the type b?f,-‘ ® are coefficients of powers of polynomials in any of

the variables (z, {, E). For instance
min (k, j)

m km )
(ﬁ bt) = J o, W= P
=0

=0 i=max (0, j+k (1—m})
bg’n):i) ]‘:m>1
Taking account of the Cauchy formulas and the inversion (2. 3), we calculate the va-

lue of F (z) for z & L. In the domain Q of the section we have a representation for
the function f (Bz) N

k—i I3 3
f (Bz) = B (fo @)+ X nizzi) o= Dm0, =04,k (29
i=o =0
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8, The torsion function f(Bz), which is regular in the domain Q, is expressed in
terms of the function f, (z), which is regular outside L, and equals zero at infinity ac-
cording to (2.4). From (1,3) we obtain a boundary condition for the function f, (z) on
the original L, the unit circle v,

k.
Fol) -+ Fol) = — 2No + 201 4 Ason + 3 (dai® — NiYo¥ + 03 (3. D
o] =1, C,=C//B

k k k
i (21 i (%i i (2
No = 2 nin”ai( l), N'm = 2 nileasn_l‘_)i + 2 ni%ﬂag_ln)q_
=0 i=1 i=m
m=1,2,...k

The asterisk on the index % in (3, 1) indicates that only needed powers of ¢ to a given
index are kept in the expansion,

The function f, (z) = f, (%X; (§)) (we denote itby f, (£)) with the above taken
into account has the form

k*
fO (§)= 2 xig-.z‘iv xi= A21'.%2— Niu i=1! 2,...k (3. 2)
=1

and the constant C, is determined by the expression C;, = N, — Y/, A, % The quan-
tities A,; in (3.1),(3.2) are defined analogously to B,; by replacing the coefficients
b; by a;.

We write the inversion of the function X1 (§) as

L e ‘min (k, i) .
E=2x g pi(zn ), o, = 3 1—2j)al e, (3.9
o 1 . —01 9 j=max (0, i4-8k(1—1))
o—1, t=1,4...
We have ke i—1
g‘l = yz1 2' v, (%Z_l)zi, v; = — 2 Pi-j¥i, Vo= 1, i=1,2,...k (3.4)
i=Q =0

In the domain outside I, (including the contour itself), the function fo (z) hasthe form

k
fo(2) = 2 n—iz'zi

i=1

i
n_;=uxt DAV, i=12.. .k
=1
and we obtain the following representation for the complex torsion function in the domain
Q of the section: X
/(Bz) = B? ' Zk n;z%
f P— s

Analogously to (3.4), we have in the { -plane

k‘

=" 3 pg

1=0

Returning to the boundary condition (1.5) on 7V,,we obtain identities for nonnegative
powers of 1%

&
12 nb® —mp=0, p=01,...k
=p
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and for negative powers 1-2P we have Kk nonlinear algebraic equations in b;
P K .
i (21) — :1,2,...k
S nop® + ey —mp=0, 7 (3.5)
i=1 i=1
4, Equations (3. 5) are satisfied: (1) for b; = 0, » = 0, the stiffness of a solid circular

bar is maximal; (2) for @; = b; = 0, » == 0 the stiffness of a hollow bar is maximal if
the section is in the shape of a circular ring.

1.0 1.0
Ly
.‘?/5 !/!'13
\ g
0.5 0.5 ™
u§
Ly
b
0 0.5 /8 10
Fig, 2

Let us show that a thin-walled bar section of maximal torsional stiffness may be con~
sidered as a section with constant wall thickness as % — 1,
According to the technical theory of the torsion of thin-walled bar, the torsional stiff-

ness D equals D — 402 (g) A1 (s)ds)—l
A

where & {s) is the wall thickness, and s is the arc coordinate of the middle contour L
of a section enclosing an area @.
The maximum of the functional 2 for the side condition

§h(s)d3z=F (F:consc, O = F1+_§_.1:)
L

is achieved for % (s) = const.

The same result also follows from the equations of the problem (3.5), Setting ¢ ={=
¢® in (1.3), we have a parameteric representation of the boundaries of the domain Q@ =
(ty & Ly, t, & Ly),The direction n of the outer normal to the contour L; equals

n= —idty, /| dty |
For sufficiently small wall thickness A (Ly and L, are close)
h= Ren(, —1I)
to first order accuracy, Taking account of (1.4), we obtain
k'ﬁ

h=R 2 cmc032m6

m=0
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Assuming a; = b; — A;, » =1 — A and linearizing the equation of the system(3.5)
relative to the quantities A;, A,we find to first order accuracy

Bk

em=0, m=14,2,...,k k= Bg

i.e. the section wall thickness is constant to
first order accuracy,

5. We have a system of /& nonlinear equa-
" tions (3. 5) in the coefficients b; for known
0.5 values of a; and ¥ in order to seek the un-
known contour L, . This system was solved
by the Newton method. The derivatives of
the left sides of (3. 5) with respect to the un-
knowns &; were found numerically, Taken as
an initial approximation were % = 1, a; =
0.5 z/8 10 b; ,and a solution in the range 0 <<y <

1 was obtained with a spacing p = —().01
Fig, 3 in % . The inner contour L, was given inthe
form of an ellipse (g, = 0.1, 0.2, . . .,
09;a; =0,i=2,3,...,k) and as a rectangle with a different relation between

the sides A (A = 1,2, ... , 10). Values of coefficients of the function %, (E) were
taken from [7].

The outlines of the outer contours of the section are represented for cases when the

1.0 =
\ ]
1 F

N
a.5
N
A\ ;
ay 2
1\ 4
? bf
1
1) %
0.5 b
bZ
L

Fig. 4
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10

05

e inner contour [, is an ellipse for a; = 0.3
\ (Fig.1), a square (Fig. 2),a rectangle with A =
3 (Fig. 3). Curves J—§ correspond to the re-

quired contour L, for given values of the pa-
F . rameter % equal to 0.2, 0.3, 0.5, 0.7, 0.9.
For small values of % the outer contour is
X close to a circle (for ¥ = (.3 in the case
i of an elliptical hole), and for values of %
4 { near to unity, the section has an almost con-~
| stant wall thickness (x = 0.9).

Given in Fig,4 are graphs of the quantities
"/M 184, a;, b; (k = 2) as a function of %.Curves

0, 5 * 1,2,3 correspond to tl}e v?.lue a, = 0.2,

2 0.3, 0.4, Represented in Fig. 5 are analogous

100, curves for a rectangular hole (A = 3). Four
coefficents are kept in the expansions Xi (&),
100, X (8) .
The solution converges sufficiently rapidly

ay

=45 in % . Thus, for sections with square and rec~

Fig, 5 tangular (A = 3) holes, the outer contours
L, practically agree for k = 2 and k = 4

when % = 0.7.
Analogous computations were made for a bar with a cavity in the form of a right tri-

angle,
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